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Abstract
We study BPS states in type IIA string compactification on a local
Calabi-Yau 3-fold which are related to the BPS states of the E-string.
Using Picard-Lefshetz transformations of the 3-cycles on the mirror
manifold we determine automorphisms of the K-theory of the compact
divisor of the Calabi-Yau which maps certain D-brane configurations
to a bound state of single D4-brane with multiple D0-branes. This map
allows us to write down the generating functions for the multiplicity of
these BPS states.
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2 A NOTE ON E-STRINGS
1 Introduction
String dualities have played an important role in our understanding of per-
turbative and non-perturbative phenomena in supersymmetric theories. An
interesting and important application of dualities has been to the enumer-
ative geometry of maps. BPS amplitudes in string theory which are pro-
tected by supersymmetry from quantum corrections have interesting math-
ematical interpretations in the dual theory. Notable among these are the
N = 2 topological string partition functions which count curves of vari-
ous genera [1, 2, 3], N = 1 superpotential which counts maps from a disk
with boundary mapped to a Lagrangian cycles [4, 5, 6, 7, 8, 9, 10] and
the partition function of the N = 4 Vafa-Witten theory which is the gen-
erating function of the Euler characteristic of the instanton moduli spaces
[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23].
In this paper we will discuss the partition functions of the Vafa-Witten (VW)
theory and its relation with the E-string [12, 24, 25, 26] partition functions
[12]. String dualities allow us to interpret the partition function of the VW
theory as the generating function for the multiplicities of certain BPS states
in the type IIA string compactification on a Calabi-Yau threefold. These
partition functions have been evaluated for only a few cases such as T 4,K3
and the rational elliptic surface B9 (IP
2 blown up at nine points)1. In the
case of B9 the expressions obtained in [12], partition functions of E-string,
were a sum, over the flux in the fiber direction, of the partition functions
ZrΣ(τ) of the VW theory,
Zr,Σ(τ) =
1
r
r−1∑
n=0
ZrΣ+nF (τ) . (1)
Where F is the class of the fiber and Σ ∈ H2(B9,Z) is such that Σ · F = 0.
The purpose of this note is to show that Picard-Lefshetz transformations of
the 3-cycles in the mirror manifold Y and the map from H∗(X) to H3(Y )
allows us to map an arbitrary D-brane configuration to a bound state of
D2-brane and D0-branes. Therefore allowing us to compute ZrΣ(τ) without
any restriction on Σ · F .
The configurations studied in [12] were bound states ofQ4 D4-branes wrapped
on B9 and Q0 D0-branes. Since B9 is an elliptically fibered manifold there-
fore T-duality on the elliptic curve converts the D4-brane into a D2-brane
1In [11] a conjecture for the rank two partition functions of the VW theory on IP2 was
also given. Also a conjecture about the U(r) partition function (r an odd prime) of VW
theory on B9 was made in [23]
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wrapped on the base of the fibration and converts the D0-brane into D2-
brane wrapped on the elliptic fiber. Thus the D4-brane/D0-brane configura-
tion is mapped to a D2-brane wrapping a two cycle in B9. Thus the problem
of counting the multiplicity of the BPS states given by D4-brane/D0-brane
bound states becomes the problem of counting certain curves in Calabi-Yau
threefold X which can be done using mirror symmetry. The configuration
of D4-brane/D0-brane we started with, however, is not the most general
possible BPS configuration since one can also have D2-brane wrapped on
some curve. Such a configuration with D2-brane wrapped on a curve, how-
ever, cannot be mapped to a D2-brane wrapping some other curve using
the T-duality on the fiber of B9. We will show that since we can perform
SL(2,Z) transformations on the fiber we can map an arbitrary configura-
tion of D4/D2/D0-branes to a D2-brane wrapped on a curve with some
D0-branes.
The paper is organized as follows. In section two we review some facts
about the second homology lattice of B9, the structure of the curve counting
functions, and their relation with E-strings partition functions and partition
functions of VW theory. In section three we discuss the action of SL(2,Z)
and the generalized Weyl transformations on the D-brane configurations. In
section four we use the transformations discussed in section three to write
down partition functions of VW theory. Some facts about the curves in B9
and the action of affine E8 on the curves is discussed in appendix A.
After this paper appeared we were informed by Kota Yoshioka that theorem
6.15 and corollary 6.18 of his paper “Twisted stability and Fourier-Mukai
Transform” (math.AG/0106118) may provide mathematical evidence for the
results of section three.
2 Review of curve counting and E-string partition
functions
In this section we will review the relation between the curve counting func-
tions (genus zero topological string amplitude) and the E-string partition
functions [12].
The Calabi-Yau space we will consider is total space of the canonical line
bundle over the rational elliptic surface. We will denote the CY space by
X and the compact divisor by B9. B9 is an elliptically fibered surface with
twelve degenerate fibers on the base IP1. For this reason it is also known as
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1
2K3. For a more detailed construction of this CY from an orbifold see [12].
2.1 H2(B9) and affine E8
The compact divisor B9 can be obtained from IP
2 by blown up nine points.
We denote by {h, e1, · · · , e9} a basis of H2(B9,Z) such that
h2 = 1 , h · ei = 0 , ei · ej = −δij . (2)
Here h is the pullback of the generator of IP2 and ei are the exceptional
curves introduced by blowing up IP2 at nine points. The canonical class is
given by 3h −
∑9
i=1 ei and the homology classes orthogonal to it forms a
codimension one lattice isomorphic to the affine E8 lattice. The real simple
roots {α1, · · · , α8} and the imaginary root F of this affine E8 are
αi := ei − ei+1 , i = 1, · · · , 7 , (3)
α8 := h− e1 − e2 − e3 ,
F := 3h−
9∑
i=1
ei .
From eq(2) it follows that the imaginary root and the simple roots defined
above have the following intersection numbers,
αa · αb = −(AE8)ab , αa · F = 0 , F
2 = 0 , a = 1, · · · 8 . (4)
Where AE8 is the E8 Cartan matrix. It is convenient to define a different
basis {ω1, · · · , ω8, B, F} of H2(B9) such that,
ωa :=
8∑
b=1
(A−1E8 )abαb , B := e9 . (5)
The classes B and F are the homology classes of the base IP1 and fiber T 2
respectively and satisfy,
B2 = −1 , F 2 = 0 , B · F = 1 , (6)
B · ωa = F · ωa = 0 , a = 1, · · · , 8 .
In this basis we can write any class Σ ∈ H2(B9,Z) as,
Σ =
8∑
a=1
λaω
a + dB + s F ,where λa = Σ · αa , d = Σ · F , s = Σ · (B + F ) . (7)
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We will always use this basis to represent homology classes and therefore
will use the notation (~λ, d, s) to represent the curve given above. For Σi =
(~λi, di, si) the intersection product is given by
2
Σ1 · Σ2 = − ~λ1 · ~λ2 − d1 d2 + d1 s2 + d2 s1 (8)
For an effective curve Σ the virtual genus g can be determined from the
Adjunction formula Σ · Σ = 2g − 2 + d. The intersection of the curve with
the canonical class, d, is called the degree of the curve.
E8 Weyl transformations map H2(B9) to itself such that if w ∈ W (E8) and
Σ = (~λ, d, s) then
w(Σ) = (w(~λ), d, s) . (9)
Since the codimension one lattice orthogonal to the canonical class is affine
E8 lattice we also have affine E8 Weyl transformations. These are reflections
in the roots α̂m = α +mF where α is an E8 root and m ∈ Z . These affine
Weyl transformation are such that if Σ1 = (~λ1, d1, s1) and Σ2 = (~λ2, d2, s2)
are related by such a transformation then
~λ2 ∈ w(~λ1) +mdΓE8 , d1 = d2 = d , Σ
2
1 = Σ
2
2 . (10)
This implies that for a curve of fixed degree and genus we only need to
consider curves with the highest weight vector for affine E8 at level d. Two
curves Σλ and Σµ of degree d and genus g, with E8 weights λ and µ related
as µ = w(λ) + dλ′ can be transformed into each other by an affine E8
Weyl-transformation. To see this consider two curves Σλ = (~λ, d, lλ) and
Σµ = (~µ, d, lµ) of genus g and degree d with E8 weight vectors λ and µ
respectively. Since Σ2λ = Σ
2
µ = 2g − 2 + d therefore
lµ = lλ +
1
2d
(µ2 − λ2) (11)
It follows from µ = w(λ) + dλ′ that one can write µ = w(λ+ dλ′′) for some
λ′′ =
∑
siαi, where s
i are integers and αi are the E8 simple roots. Now
perform the following affine E8 Weyl-transformation:
3
w(α8,m¯8) ◦ w(α8,m8) ◦ . . . ◦ w(α1,m¯1) ◦ w(α1,m1); with m¯
i −mi = si, (12)
on the curve Σλ = (λ, d, lλ) to obtain:(
λ+ dλ′′ , d , lλ +
1
2d
{(λ+ dλ′′)2 − λ2}
)
=
(
λ+ dλ′′ , d , lλ +
1
2d
{µ2 − λ2}
)
2~λ · ~µ =
∑8
a,b=1 λa(A
−1
E8
)abµb.
3(α, 0, n) = α+ nF , where α is an E8 root and n ∈ Z .
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=
(
w−1(µ) , d , lµ
)
. (13)
This differs from the curve corresponding to µ by just a Weyl transforma-
tion of E8. As a consequence we find that it is sufficient to study curves
with dominant E8 weight vector because any other curve can be obtained
from these by an affine E8 Weyl-transformation. Also this implies that the
multiplicity of a curve depends only on its degree, genus and the equivalence
class of its E8 weight vector.
2.2 Counting curves
Consider the generating function for the multiplicities of degree n curves.
Z˜n(ω) =
∑
C∈H2(B9,Z),C·F=n
N (C)e2πi(C·ω) , (14)
where N (C) is the Euler characteristic of the moduli space of class C if C
represents a holomorphic curve and ω is the Ka¨hler form given by
ω =
8∑
a=1
maω
a + τ(B + F ) + φF . (15)
so that
ma = ω · αa , τ = ω · F , φ = ω ·B . (16)
Since the degree of the curve, which is also the level of the E8 weight vector, is
invariant under the affine Weyl transformations therefore λ := w(λa)+nΓE8
∀λ ∈ ΓE8 . Here {λ
a | a = 1, · · ·F (n)} is the set of dominant weights at level
n. We denote by ∆a the set of vectors in ΓE8 related to λ
a by E8 Weyl
transformations and a shift in nΓE8 . Thus
Z˜n(ω) =
F (n)∑
a=1
Z˜an(ω) , (17)
where
Z˜an(ω) =
∑
dC=n,λC∈∆a
N (C)e2πi(C·ω) . (18)
Since N (C) = N (w(C)), where w ∈W (E8), therefore,
Z˜an(ω) =
∑
dC=n,λC∈∆a
N (C)
∑
w∈W (E8)
e2πi(w(C)·ω) . (19)
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The curves of degree n are given by
C =
8∑
a=1
λaω
a + nB + {
2g − 2 + n+ n2 + λ2
2n
}F , (20)
where g = 1 + C
2−n
2 and therefore,
Z˜an(ω) = e
2πinφ
∑
g,λ∈∆a
N an (g)e
2πiτ( 2g−2+n+n
2
2n
)
∑
w∈W (E8)
e2πi(
τ
2n
λ2−(w(λ),m)) .(21)
In the above expression N an (g) is a function of degree n, genus g and the
dominant weight λa since all vectors in ∆a are Weyl equivalent to λa. Thus
Z˜an(ω) = q
n/2e2πinφ
∑
g
N an (g)q
2g−2+n
2n
∑
λ∈∆a
∑
w∈W (E8)
q
λ2
2n e−2πi(w(λ),m) ,(22)
= qn/2e2πinφẐan(τ)Pn,a(~m, τ) .
Where
Ẑan(τ) =
∑
g
N an (g)q
2g−2+n
2n , (23)
Pn,a(~m, τ) =
∑
λ∈∆a
∑
w∈W (E8)
q
λ2
2n e−2πi(w(λ),m) .
The functions Ẑan(τ) can be determined from the genus zero topological string
amplitude, F0(ω). F0(ω) can be calculated using local mirror symmetry as
in [12].
2.3 E-string partition functions
The E-string partition functions capture the BPS states of M5-branes wrapped
on 12K3× S
1 with some momentum in the S1 direction[12, 28, 29, 30]. The
theory on 12K3 is twisted N = 4 Super Yang-Mills. Of the three possible
twists of the N = 4 Yang-Mills the one that arises here was studied in [11].
It was shown in [11] that the partition function of this twisted theory is
the generating function of the Euler characteristic of the instanton moduli
spaces.
To relate the E-string partition function to the partition function of the
N = 4 twisted theory consider a bundle V of rank r with Σ as the 2-cycle
dual to the first Chern class and instanton number l,
ch0(V ) = r, c1(V ) = Σ , ch2(V ) = k :=
1
2 Σ · Σ− l . (24)
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Let M(r,Σ, l) be the moduli space of the bundle with above Chern classes
and erΣ(l) be the Euler characteristic of the moduli space. We define the
generating function for the Euler characteristic as [11]
ZrΣ(τ) :=
∑
l
erΣ(l)q
−〈V,V 〉/2r = q−
r
2
∑
l
erΣ(l)q
∆(l) , q = e2πiτ . (25)
Where 〈V, V 〉 = r2 − Σ · Σ + 2rk and ∆(l) = l − r−12r Σ · Σ = −
〈V,V 〉
2r +
r
2 .
Define,
Z
r,~λ
(τ) :=
1
r
r−1∑
s=0
Zr
(~λ,0,s)
(τ), (26)
then Z
r,~λ
(τ) are the E-string partition functions. Note that the E-string
partition function are given by generating function of instanton moduli space
with first Chern class of degree zero. This is also the moduli-space of a
configuration of D4-branes, D2-branes and D0-branes where the number of
D4-branes is equal to the rank of the bundle, the D2-brane is wrapped on
the 2-cycle dual to the first Chern class and the number of D0-branes is
equal to the instanton number. However, since B9 is an elliptically fibered
surface therefore T-duality on both fibers maps a wrapped D4-brane to a D2-
brane wrapped on the base B, a D0-brane becomes a D2-brane wrapping the
fiber F and a D2-brane wrapped on a curve nB + kF maps to n D4-branes
wrapped on B9 with k D0-branes. Thus if the degree of the first Chern class
(the cycle on which the D2-brane is wrapped) is zero the entire configuration
of D4/D2/D0-branes can be mapped to a curve. Thus in this case the twisted
Yang-Mills partition function can be related to curve counting function. In
[12] this fact was used to relate the E-string partition functions, which are
given by generating function of instanton moduli spaces with degree of the
first Chern class zero, to the genus zero topological string amplitude as
follow,
(−1)r−1Zr,λa(τ) =
q−n/2
n3
δλa,0 + Ẑ
a
r (τ) . (27)
The first term which is only present for λa = 0 is due to the fact that nB
is not a holomorphic curve for n > 1 (it does not satisfy the adjunction
formula) and therefore the corresponding term is not present in Ẑ0n(τ) but
genus zero topological string amplitude does contain such a term due to
contributions coming from multiple cover of B.
The transformation property of Zr,λ(τ) under S-duality can be easily deter-
mined from that of ZrΣ(τ) [11],
ZrΣ(−
1
τ ) = (−1)
r r−5τ−6
∑
Σ′∈H2(B9,Zr)
e
2pii
r
Σ·Σ′ZrΣ′(τ) . (28)
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This implies that
Z r(λ , 0 , s)(−
1
τ ) = (−1)
r r−5τ−6
∑
(µ , d , s′)
∈H2(B9,Zr)
e
2pii
r
(−λ·µ+s d)Z r(µ , d , s′)(τ) , (29)
= (−1)r r−5τ−6
∑
µ∈Γ8/rΓ8
r−1∑
d,s′=0
e
2pii
r
(−λ·µ+s d)Z r(µ , d , s′)(τ) ,
= (−1)r r−5τ−6
∑
µ∈Γ8/rΓ8
e−
2pii
r
λ·µ
{ r−1∑
s′=0
Z r(µ , 0 , s′)(τ) +
r−1∑
d=1
s′=0
e
2pii
r
s dZ r(µ , d , s′)(τ)
}
,
= (−1)r r−5τ−6
∑
µ∈Γ8/rΓ8
e−
2pii
r
λ·µ
{
rZr,µ(τ) +
r−1∑
d=1
s′=0
e
2pii
r
s dZ r(µ , d , s′)(τ)
}
.
Summing over s on both sides of the equation and noting that the second
term in the right hand side gives no contribution we find
Zr , λ(−
1
τ ) = (−1)
r r−4τ−6
∑
µ∈Γ8/rΓ8
e−
2pii
r
λ·µZr , µ(τ). (30)
This implies that
r4τ6Zr, 0(−
1
τ )−Zr, 0(τ) =
F (r)∑
a=1
CaZr,λa(τ) . (31)
Where Ca is the number of elements in ∆
a and
∑F (r)
a=1 Ca = r
8. Also in
writing the left hand side of eq(31) we have used eq(27) and the fact that
multiplicity of the curve only depends on the degree, genus and the class of
the weight vector. In [12] partition functions were calculated for r = 1, 2, 3, 4
by solving the holomorphic anomaly equation.
Rank one and two: Here we list the functions Zr,λa for r = 1 and r = 2
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[12],
Z1,0(τ) = η
−12(τ) , (32)
Z2,0(τ) = −
1
24η24
(E2P0(τ) + (θ
4
3θ
4
4 −
1
8
θ42)(θ
4
3 + θ
4
4)) ,
Z2,λeven = −
1
24η24
(
1
135
E2Peven(τ)−
1
8
θ43(θ
4
3 + θ
4
4)) ,
Z2,λodd = −
1
24η24
(
1
120
E2Podd(τ)−
1
8
θ42E4) .
There are three dominant weights of E8 at level 2, λ = 0, λeven and λodd.
Where λ2even = 4, λ
2
odd = 2 and Ceven = 135, Codd = 120. Definition of
various function appearing in the equation above are given in appendix C.
For r = 2 it is possible to write Z2,λeven and Z2,λodd in terms of Z2,0(τ).
Define F (τ) := 24τ6Z2,0(−
1
τ )−Z2,0(τ) then from eq(31) it follows that∑
a=1,2
CaZ2,λa(τ) = F (τ) := −
1
24η24(τ)
{Ê2(τ)(P0(
τ
4
)− P0(τ))−
24(θ43θ
4
2 −
1
8
θ84)(θ
4
3 + θ
4
2)− (θ
4
3θ
4
4 −
1
8
θ82)(θ
4
3 + θ
4
4)} .
Then from eq(23) it follows that Z2,λodd(τ) has an expansion in integer plus
half powers of q whereas Z2,λeven(τ) has an expansion in integer powers of
q. Therefore,
Z2,λodd(τ) = −
1
2(F (τ)− F (τ + 1)) ,
=
1
48Coddη24
{E2(τ)(E4(
τ + 1
2
)− E4(
τ
2
)) + (33)
24(θ44θ
4
2 +
1
8
θ83)(θ
4
4 − θ
4
2) + 2
4(θ43θ
4
2 −
1
8
θ84)(θ
4
3 + θ
4
2)}
Z2,λeven(τ) = −
1
2(F (τ) + F (τ + 1)) ,
=
1
48Cevenη24
{E2(τ)(E4(
τ + 1
2
) + E4(
τ
2
)− 2E4(τ)) +
24(θ44θ
4
2 +
1
8
θ83)(θ
4
4 − θ
4
2)− 2
4(θ43θ
4
2 −
1
8
θ84)(θ
4
3 + θ
4
2)−
2(θ43θ
4
4 −
1
8
θ82)(θ
4
3 + θ
4
4)} .
Note that both Z2,even and Z2,odd have integer expansion whereas Z2,0 does
not. The non-integer expansion of Z2,0 is due to the fact that it contains
contribution from multiple covers with weight 1
n3
whereas Z2,odd and Z2,even
do not have any such multiple cover contribution and are sum over curves
which are not multiples of some other curve.
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3 Generalized Weyl transformations
We saw in the last section that the affine Weyl transformations relating
different classes in H2(B9) lead to an important organizing principle. The
partition functions are organized in terms of level n dominant weights with
curves of same degree, genus and class of the dominant weight having the
same multiplicity. In this section we show that there are other transforma-
tions which act not only on the second homology but on H0⊕H2⊕H4. We
call these transformation generalized Weyl transformations since they might
be related to the Weyl transformations of the double loop algebra Ê9 studied
in [33, 34].
These transformations can be understood as the mirror of the Picard-Lefshetz
transformations of the 3-cycles in the mirror Calabi-Yau. Since B9 is ellipti-
cally fibered we can perform SL(2,Z ) transformations on the fiber. It was
shown in [32] that the S-transformation acts like the Fourier-Mukai transfor-
mation on the Chern characters of a bundle and the T -transformation acts
by tensoring the bundle with a line bundle O(B). Consider a bundle V with
Chern classes given by
ch0(V ) = r , ch1(V ) = Σ = {~λ, d, s} , ch2(V ) = k . (34)
Then the S and the T transformation maps these charges to [32]
S :
(
r , {λ, d, s} , k
)
→
(
−d ,
{
w(λ) , r ,−k + 1
2
d
}
, s− 1
2
r
)
, (35)
T :
(
r , {λ, d, s} , k
)
→
(
r ,
{
w(λ) , d + r , s
}
, k + s− d− 1
2
r
)
. (36)
It is easy to check that the product 〈V, V 〉 is invariant under both these
transformations. The SL(2,Z ) action on the rank r and the degree of the
first Chern class d is given by
S :
(
d
r
)
7→
(
r
−d
)
, (37)
T :
(
d
r
)
7→
(
d+ r
r
)
.
The SL(2,Z ) transformation −1 changes the signs of all the charges. Thus
it follows that any bundle (D4/D2/D0-brane configuration) can be mapped
to a bundle with r = 0 i.e., to a curve.
The E8 algebra in H2(B9) is enhanced by the presence of F (the imaginary
root) to affine E8 since F
2 = 0. Instead of enhancing the algebra using
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F we can also use the charge vector Q = (0, 0,−1) (a 0-cycle) to enhance
the algebra since 〈Q,Q〉 = 0. Weyl transformations in roots involving Q
give more non-trivial action on the charges compared with the usual Weyl
transformations as discussed in Appendix C.
G± :
(
0 , {λ, d, s} , k
)
7→
(
0 , {λ, d, s} , k ± (λ, d)
)
, (38)
w :
(
0 , {λ, d, s} , k
)
7→
(
0 , {w(λ), d, s} , k
)
, w ∈W (E8) .
where (λ, d) = d when λ = 0, and (λ, d) = gcd(m,d) where m is the largest
integer for which λ ∈ mΓE8 . Let us consider an bundle V1 such that degree
of the first Chern class of V1 is zero. Then using (35), (38), (35), and the
−1 transformation successively we find
ch(V1) =
(
r , {~λ, 0, s} , k
)
7→
(
0 , {w(~λ) , r , l +
λ2
2
} , s −
r
2
)
7→
(
0 , {~λ , r, l +
λ2
2
} , s −
r
2
+ (r, ~λ)
)
(39)
7→
(
r , {~λ , 0, s + (r, ~λ)} , k
)
.
This implies that er
(~λ,0,s)
(l) = er
(~λ,0,s+(r,~λ))
(l) and therefore
Z r
(~λ ,0 , s)
(τ) = Z r
(~λ ,0 , s+(r,~λ))
(τ) . (40)
For the rank two case it follows that
Z2(λeven,0,0)(τ) = Z
2
(λeven,0,1)
(τ) = Z2,λeven(τ) , (41)
Z2(λodd,0,0)(τ) = Z
2
(λodd,0,1)
(τ) = Z2,λodd(τ) .
This result (rank two case) was also given in [35] where Z2,0(τ),Z2,λeven(τ)
and Z2,λodd(τ) were also obtained by a rigorous mathematical analysis.
4 Partition functions
In this section we use the transformation discussed in the previous section
to obtain generating functions of the Euler characteristic of the instanton
moduli spaces for various ranks.
rank one: This case has been discussed in several places [11, 12] but we
will consider it to illustrate the method. Consider a rank one bundle such
that
ch0(V ) = 1 , ch1(V ) := Σ = {~λ, d, s} , ch2(V ) = k =
1
2Σ · Σ− l . (42)
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Since zero is the only dominant vector at level one, by an affine E8 Weyl
transformation we can set the ~λ in the equation above to zero. Also since
the degree of the first Chern class and the rank is relatively prime therefore
by an SL(2,Z ) transformation we can map the above bundle to a bundle
with rank zero. Thus the above bundle is mapped to V1 such that
ch0(V1) = 0 , ch1(V1) = {0, 1, l} , ch2(V1) = s−
1
2 . (43)
Since the transformation G− allows us to change s in the equation above by
−1 therefore by repeated application of G− we get
ch(V2) = (0, {0, 1, l},−
1
2 ) . (44)
Now the S transformation maps it back to a rank one bundle V3 with
ch(V3) = (1, {0, 0, 0},−l) . (45)
And therefore e1Σ(l) = e
1
(0,0,0)(l).
To determine e1(0,0,0) note that the bundle with these charge can be realized
a bound states of a D4-brane and l D0-branes. Thus the moduli space is give
by the l − th symmetric product of B9 [11, 12].
4. And therefore the Euler
characteristic is given by
∞∑
l=0
χ(Syml(B9))q
l =
∞∏
n=1
(1− qn)−12 = q1/2 η−12(τ) =
∞∑
l=0
d(l)ql . (46)
Thus e1(0,0,0)(l) = d(l) and eq(25) implies that
Z1Σ(τ) = q
−1/2
∑
l
e1Σ(l) q
l (47)
= q−1/2 q1/2η−12(τ) = η−12(τ) .
rank r , degree d with gcd(d, r) = 1: Now consider a bundle V with
rank r and degree of the first Chern class d such that r and d are relatively
prime. Then since the SL(2,Z ) transformation acts on r and d we can map
this bundle to a bundle with rank one. As discussed in the previous section,
any bundle of rank one can be mapped to a bundle of rank 1 with zero first
Chern class therefore,
ch(V ) = (r,Σ = {λ, d, s}, k) 7→ ch(V1) = (1, {0, 0, 0}, l1) . (48)
4This is also the moduli space of degree one curve B + l F if we also include the flat
connections on this genus l curve [37]
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Where l1 can be determined by the fact that all transformation we have used
preserve the product 〈V, V 〉 = 〈V1, V1〉. This gives (k =
1
2Σ · Σ− l)
l1 = −
〈V,V 〉
2 +
1
2 = rl −
1
2 (r − 1)Σ
2 − 12(r
2 − 1) . (49)
We then have (d = F · Σ and is relatively prime to r),
ZrΣ(τ) =
∑
l
erΣ(l) q
−
〈V,V 〉
2r (50)
= q−
1
2r
∞∑
l1=0
d(l1) q
l1
r .
Note that writing l1 = rl + µ we see that the partition function for fixed
rank only depends on µ (mod r) and only Σ2 enters in the determination of
µ. Using the identity
r−1∑
k=0
ω(2g−2s)kr = rδg≡s (mod r) , ωr = e
ipi
r . (51)
We get
ZrΣ(τ) = q
− 1
2r
+µ
r
∑
rl+µ≥0
d(rl + µ) ql (52)
=
1
r
r−1∑
m=0
ω(1−2µ)mr η
−12( τr +
m
r ).
Since µ = −12(r
2 − 1)− r−12 Σ
2 therefore
Z rΣ(τ) =
1
r
r−1∑
m=0
(−1)rm eiπm(r−1)Σ
2/r η−12( τr +
m
r ) . (53)
rank r, degree d = 0: Consider a bundle of rank r with degree of the first
Chern class equal to zero. These were the configuration considered in [12].
Using the S-transformation we can map this bundle to a curve of degree r.
From eq(30) it follows that
Z r(λ , 0 , s)(τ) = Zr , λ(τ) + (−1)
r r−5 τ6
∑
µ∈Γ8/rΓ8
r−1∑
d=1
s′=0
e
2pii
r
(−λ·µ+s d)Z r(µ , d , s′)(−
1
τ ) .(54)
Specializing to prime rank r = p and using eq(53) one finds
Z p(λ , 0 , s)(τ) = Zp , λ(τ)−
(−1)p
p11
( ∑
µ∈Γ8/rΓ8
e−2πi
λ·µ
p
)
ω(p, s) η−12(pτ) (55)
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where
ω(p, s) =
p−1∑
d=1
e2iπ sd/p =
{
p− 1, if s = 0;
−1, if s 6= 0 .
(56)
The sum in parenthesis in (55) can be evaluated explicitly to obtain,
Z p(λ , 0 , s)(τ) = Zp , λ(τ)−
(−1)p δ~λ,p
p3
ω(p, s) η−12(pτ) . (57)
Here δ~λ,p vanishes unless λ ∈ pΓE8 in which case it takes the value one.
examples: For the rank two case this give
Z 2Σ(τ) =
1
2{η
−12( τ2 ) + i
Σ2η−12( τ2 +
1
2 )} , dΣ ∈ 2Z + 1 , (58)
Z2
(~λ , 0 , s)
(τ) = Z
2 , ~λ
(τ) + (−1)s+1
δ~λ,2
8
η−12(2τ).
This result for the rank two case was also obtained in [35]. A conjecture
about the U(r) partition function for r an odd prime was made in [23]. For
rank three we have (dΣ = Σ · F 6= 0 (mod 3))
Z 3Σ(τ) =
1
3{η
−12( τ3 )− e
2ipi
3
Σ2η−12( τ3 +
1
3) + e
4ipi
3
Σ2η−12( τ3 +
2
3 )} , ,
Z 3(λ , 0 , s)(τ) = Z3 , λ(τ) +
δ~λ,3
27
ω(3, s) η−12(3τ) ,
where ω(3, 0) = 2 and ω(3, 1) = ω(3, 2) = −1.
4.1 A recursive scheme
For prime rank p the complete explicit solution can be obtained in terms
of η−12(τ) and the E-string partition functions as shown in the previous
subsection. For non prime rank r there are three cases. When gcd(r,d) = 1
we use (53). When the gcd(r,d) = f > 1, we can map such bundles to rank
f (which is less than r) bundles. So these can be written in terms of lower
rank partition functions. When the degree d is zero we simply use (54) which
expresses the partition function in terms of an E-string partition function
and (by the above argument) partition functions of lower rank.
Consider a rank r bundle V of first Chern class Σ such that gcd(r, dΣ) = f .
Then using (35) and (36) we can map V to a rank f bundle(
r, {λ,dΣ, s}, k
)
7→
(
f, {λ, 0, s(l)},−
λ2
2
− l′
)
, (59)
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where
l′ = r0l + µ , r0 =
r
f
, µ = −
r − 1
2f
Σ2 −
r2
2f
+
f
2
−
f − 1
2f
λ2. (60)
which implies that erΣ(l) = e
f
(λ,0,s(l))(l
′).
Z rΣ(τ) = q
− r
2
− r−1
2r
Σ2
∑
l
erΣ(l)q
l (61)
= q−
r
2
− r−1
2r
Σ2
∑
l
er(λ,0,s(l)(r0l + µ)q
l (62)
= q
µ
r0 q
− f
2r0
− f−1
2fr0
λ2
∑
l
ef(λ,0,s(l))(r0l + µ)q
l
Let h = (~λ, f) and define
s′(l) ≡ s(l)(modh) (63)
Since s(l) = al+ b with integers a, b, the argument of s′ can be restricted to
the integers mod h. Then we get
Z rΣ(τ) = q
µ
r0 q
− f
2r0
− f−1
2fr0
λ2
h−1∑
n=0
∑
l=n (mod h)
ef(λ,0,s′(n))(r0l + µ)q
l (64)
= q
µ
r0 q
− f
2r0
− f−1
2fr0
λ2
h−1∑
n=0
∑
l
ef(λ,0,s′(n))(r0hl + r0n+ µ)q
hl+n .
It is not difficult to show that
q
µ
r0
− f
2r0
− f−1
2fr0
λ2
∑
l
ef
(λ,0,s′(n))
(r0hl + r0n+ µ)q
hl+n = (65)
1
r0h
r0h−1∑
m=0
e
2piim
h
( r−1
2r
Σ2+ r
2
−n)Zf(λ,0,s′(n))(
τ
r0
+
m
r0h
) .
Thus we get
ZrΣ(τ) =
1
r0h
h−1∑
n=0
r0h−1∑
m=0
e
piimr
h e
ipim
h
( r−1
r
)Σ2e−
2piimn
h Zf(λ,0,s′(n))(
τ
r0
+
m
r0h
) . (66)
example: Consider the case of rank r = 4, For dΣ ≡ 1 , 3 (mod 4) it follows
from eq(53),
Z 4Σ(τ) =
1
4
{η−12(
τ
4
) + e
3ipi
4
Σ2η−12(
τ
4
+
1
4
) + e
6ipi
4
Σ2η−12(
τ
4
+
2
4
) + e
9ipi
4
Σ2η−12(
τ
4
+
3
4
)} ,
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for dΣ ≡ 2 (mod 4) it follows from eq(66),
Z 4Σ(τ) =
1
2
{Z2 ,λ(
τ
2
) + e
3ipi
4
Σ2Z2 ,λ(
τ
2
+
1
2
)} −
δ~λ,2
16
{e
3ipi
4
Σ2 − e
9ipi
8
Σ2}η−12(τ +
1
2
) ,
for dΣ = 0 we get using eq(54)
Z4(λ , 0 , s)(τ) = Z 4 , λ(τ) + δ~λ,2
(−1)s
23
Z2 , λ/2(2τ)− δ~λ,4 i
s (1 + (−1)
s)
43
η−12(4τ) .(67)
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Appendix A
Let C be a class of degree n satisfying the adjunction formula with genus g
then
C =
8∑
i=1
µiω
i + nB +
1
2n
{2g − 2 + n+ n2 + ~µ2}F . (68)
Every degree one class can be represented by a holomorphic curve. This
follows from the fact that B + kF is holomorphic for k ≥ 0 and this class
is Weyl equivalent to
∑8
i=1 λiω
i + B + sF for any λ ∈ ΓE8 . The necessary
and sufficient condition for a class to be represented by a holomorphic curve
is that its intersection with exceptional curves be positive. Let E be an
exceptional curve with E8 weight vector λ, then
C · E =
n
2
(~λ−
~µ
n
)2 +
2g − 2 + n− n2
2n
. (69)
C has a holomorphic representative if this intersection number is nonnegative
for all λ ∈ ΓE8 .
C · E ≥
n
2
Minλ∈ΓE8 (λ−
µ
n
)2 +
2g − 2 + n− n2
2n
. (70)
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Define
fn(µ) = Minλ∈ΓE8 (λ−
µ
n
)2 . (71)
Note that if µ = w(µ′) + nν then fn(µ) = fn(µ
′) where ν ∈ ΓE8 and w ∈
W (E8). This implies that fn(µ) = fn(µ
a), where µ belongs to the class µa.
5
It follows that g = gc(n, µ
a) + nm, m ∈ Z and
gc(n, µ
a) := 1 + 12 (n
2 − n2 fn(µ
a)− n) , (72)
where gc(n, µ
a) is the genus of the degree n curve with weight vector µa.
Thus we see that C ·E is non-negative iff
g ≥ gc(n, µ
a) . (73)
If C1 and C2 are two curves satisfying the adjunction formula and eq(73)
then C1 ·C2 ≥ 0. To see this note that since C1 and C2 satisfy the adjunction
formula therefore
C1 =
8∑
i=1
µiωi + n1B +
2g1 − 2 + n1 + n
2
1 + µ
2
2n1
F, (74)
C2 =
8∑
i=1
νiωi + n2B +
2g2 − 2 + n2 + n
2
2 + ν
2
2n2
F.
The mutual intersection number is
C1 · C2 = −~µ · ~ν − n1n2 +
n1
2n2
{2g2 − 2 + n2 + n
2
2 + ν
2}+ (75)
n2
2n1
{2g1 − 2 + n1 + n
2
1 + µ
2}.
Since C1 and C2 obey eq(73) therefore,
g1 ≥ gc(n1, λ
a) and g2 ≥ gc(n2, λ
b) (76)
where λa and λb are the level n1 and level n2 dominant weights corresponding
to the weight vectors µ and ν respectively. From these two conditions we
get
C1 · C2 ≥ n1n2{1−
1
2
(fλa(n1) + fλb(n2)) +
1
2
(
ν
n2
−
µ
n1
)2} (77)
5Dominant weights λ at level n are given by
∑8
i=1 aiλi ≤ n , where ai are the Dynkin
labels of E8 and λi ≥ 0. If F (n) is the number of dominant weights at level n then
generating function is given by
∑∞
n=1 F (n)q
n = (1− q)−1
∏8
i=1(1− q
ai)−1.
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Since fλa(n) = minλ∈Γ8(λ −
λa
n ) therefore fλa(n) ≤ (
λa
n )
2. The dominant
weights satisfy the condition
8∑
i=1
aiλi = 2(λ1 + λ7) + 3(λ2 + λ8) + 4(λ3 + λ6) + 5λ4 + 6λ5 ≤ n . (78)
if we define the matrix B as follows
Bij = 2aiaj , i 6= j , (79)
= a2i , i = j .
Then we see that Bijλiλj ≤ n
2 and sinceBij−(A
−1
E8
)ij ≥ 0 therefore it follows
that λ2 ≤ n2 if λ is a level n dominant weight. Thus we get fn(µ) ≤ 1. Which
therefore implies that,
C1 · C2 ≥ n1n2{1−
1
2
(fλa(n1) + fλb(n2)) +
1
2
(
ν
n2
−
µ
n1
)2} , (80)
≥ n1n2{1−
1
2
(fλa(n1) + fλb(n2))} ≥ 0.
From the fact that (λa)2 ≤ n2 it follows that λa is the vector of least length
in its class and therefore
fn(λ) =
(λa)2
n2
, ∀ λ ∈ λa + nΓE8 . (81)
Then from Eq(72) it follows that
gc(nλ
a) = 1 + n(n−1)2 −
(λa)2
2 . (82)
Appendix B
The Calabi-Yau spaceX whose compact divisor is the rational elliptic surface,B9,
is the total space of the canonical bundle over B9. The mirror manifold Y
is given by [12, 31, 32]
y2 = x3 + f4(z)x+ g6(z) , (83)
uv = z − z∗ .
Where z∗ is a function of the Ka¨hler moduli of X. The first equation defines
an elliptic fibration with twelve singular fibers. Apart from the fact that
the base space given by z is non-compact (and therefore the total manifold
is hyper Ka¨hler) the geometry of the singular fibers is exactly the same as
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the compact 12K3. The twelve degenerate fibers can be chosen to have the
following charges6,
[1, 0][1, 0] · · · [1, 0][2,−1], [−1,−1], [−1, 2] . (84)
It was shown in [33, 34] that this configuration is invariant under SL(2,Z )
transformations. The effect of this SL(2,Z ) transformation on the charges
was determined in [32] and is given in Eq(36).
The transformations G± are more interesting and correspond to general-
ized Weyl transformation. Consider the lattice H∗(X,Z ) = H0(X,Z ) ⊕
H2(X,Z ) ⊕ H4(X,Z ). A codimension one lattice in H2(X), orthogonal to
the canonical class, is isomorphic to the root lattice of the affine E8 algebra.
One way of seeing this is that we have the ordinary E8 algebra which is
enhanced to affine E8 by the canonical class , F , since F
2 = 0. Another way
of obtaining the affine E8 is to find another element of H∗(X) which squares
to zero. It is easy to see that only other such element is the generator of
H0(X). Thus we have two different copies of affine E8 root lattice in H∗(X).
Thus the most general root of H∗(X) is given by (using the same notation
as in section 3)
α̂n,m = (0, {α, 0, n},m) , α
2 = 2 , n,m ∈ Z . (85)
It is clear that 〈α̂n,m, α̂n,m〉 = −2 and therefore 〈V̂ , V̂ 〉 = 〈V, V 〉 where
V̂ = V + 〈V, α̂n,m〉 α̂n,m. Two successive transformation using first the root
α̂n,m and then α̂n,0 gives
V := (0, {λ, d, s}, k) 7→ V̂ = (0, {λ, d, s}, k +m(−λ · α+ dn)} . (86)
Thus we see that if λ ∈ hΓE8 then k can be changes in units of gcd(h, d) by
generalized Weyl transformations.
Appendix C
θ2(τ) :=
∑
n∈Z
q
(n− 12 )
2
2 , θ3(τ) :=
∑
n∈Z
q
n2
2 , θ4(τ) :=
∑
n∈Z
(−1)nq
n2
2 ,(87)
θ42(−
1
τ ) = −τ
2θ44(τ) , θ
4
3(−
1
τ ) = −τ
2θ43(τ) , θ
4
4(−
1
τ ) = −τ
2θ42(τ) .
6With respect to a particular choice of paths [33, 34].
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E2(τ) = 1− 24
∞∑
k=1
σ1(k)q
k , (88)
E4(τ) = 1 + 240
∞∑
k=1
σ3(k)q
k , E4(−
1
τ ) = τ
4E4(τ) , σs(k) :=
∑
n|k
ns .
P2,0(τ) = E4(2τ) , P2,λ1(τ) =
E4(
τ
2 ) + E4(
τ
2 +
1
2)
2
− E4(2τ) , (89)
P2,λ2(τ) =
E4(
τ
2 )− E4(
τ
2 +
1
2)
2
, λ1 · λ1 = 4 , λ2 · λ2 = 2 .
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